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On Z-graded associative algebras and their N-graded 

modules 

Haisheng Li and Shuqin Wang 

Abstract. Let A be a Z-graded associative algebra and let p be an irreducible 
N-graded representation of A on W with finite-dimensional homogeneous sub- 
spaces. Then it is proved that p(A) = glj(W), where A is the completion of 
A with respect to a certain topology and glj(W) is the subalgebra of Endiy, 
generated by homogeneous endomorphisms. It is also proved that an N-graded 
vector space W with finite-dimensional homogeneous spaces is the only con- 
tinuous irreducible N-graded glj(W)-module up to equivalence, where glj(W) 
is considered as a topological algebra in a certain natural way, and that any 
continuous N-graded glj (ly)-module is a direct sum of some copies of W. A 
duality for certain subalgebras of glj(W) is also obtained. 



1. Introduction 

This paper was motivated by a paper of Malikov [M] and by the theory of 
vertex operator algebras. Malikov considered the following situation: Let A\ and 
A2 be associative algebras with unit over a field F and let p : A\® A2 — > EndVF be 
an irreducible representation of A\ ® A2 on W. Naturally identify A\ and A2 with 
subalgebras Ai®¥ and F <g> A 2 of A\ <g> A2, respectively. Set 

p(A t ) A = Eom Ai (W,W) (i = 1,2). 

Clearly, p(A±) C p(A2) A , p{A2) C p(Ai) A . If W is finite- dimensional and F is 
algebraically closed, the classical Brauer theorem (a special case) asserts that if 
W is a completely reducible Ai-module, then W is also a completely reducible 
^-module and the following duality holds: 

p(A 1 ) = p(A 2 ) A , p{A 2 ) = p{A 1 )\ 

A particular case of the Brauer theorem with A2 = F gives the Burnside theorem 
which asserts that p(A) = EndW^. 

As pointed out in [M], if W is infinite- dimensional, even the Burnside theorem 
is not true any more. Nevertheless, Malikov established certain infinite-dimensional 
analogues of the two classical theorems for A being a Z-graded associative algebra 
of a certain type. As we shall explain below, on one hand, he considered a certain 
(smaller) subalgebra glj(W) of EndW^ and on the other hand, he considered the 
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completion A (a "bigger" algebra) of a Z-graded algebra A with respect to a certain 
topology. 

Let W — LIn>o W( n ) be an N-graded vector space with all W(n) being finite- 
dimensional. For m G Z, denote by (EndVF) m the space of all homogeneous endo- 
morphisms of W of degree to. Set 

9h{W)= [](EndVK) m . 

Then g?j(VF) is a subalgebra of EndVF and it is a Z-graded algebra itself. Now 
let A = \\ n A n be any Z-graded associative algebra. For n, k G Z, set A n ^ — 
J2m>k A n + m A- m . Endow A n with a topology with a + A,^ k for a G A n , k G Z 
as a base of open sets (cf. [FZ] , [M] ) . In this way, we have a topology on A and A 
becomes a topological algebra. Let A n be the completion of A n and set A — ]J n A n . 
Then A is a topological algebra. With these notions, any N-graded representation 
p of A on W naturally extends to a representation, denoted by p, of A on W and 
p{A) C gljiyV). Malikov proved that if A is what he called a "Z-graded algebra 
with involution," then p(A) = glj(W). Using this, Malikov easily established an 
analogue of the Brauer theorem (a special case) . 

From the definition in [M] , a Z-graded algebra A with involution has the main 
features of the universal enveloping algebras of certain Lie algebras such as Kac- 
Moody algebras, Heisenberg algebras and the Virasoro algebra. Specifically, there 
exist a unit, a counit, a triangular decomposition A = A + ® A ® A~ , where A^ 1 
is a subalgebra of A± — LLi>i^±« and A is a commutative subalgebra of Ao, 
and an involution ui such that w\a° = 1, uj(A ± ) = A T . Lie algebras such as affinc 
Kac-Moody algebras, Heisenberg algebras and the Virasoro algebra are known to 
be important sources of vertex operator algebras (cf. [DLe], [FLM], [FZ], [Li]). 
On the other hand, certain Z-graded associative algebras also naturally come out 
in the study of vertex operator algebras (cf. [FZ], [DLin], [KL]). For example, 
to each vertex operator algebra V Frcnkel and Zhu [FZ] associated a Z-graded 
topological associative algebra U(V) such that the category of N-graded weak V- 
modules is equivalent to the category of continuous N-graded J7(F)-modules. For 
certain vertex operator algebras V, one may prove that U (V) is a Z-graded algebra 
with involution, so that Malikov's result can be applied. Instead, our main goal here 
is to prove Malikov's analogue of the Burnside theorem for an arbitrary Z-graded 
algebra A and give an analogue (more general than Malikov's) of the Brauer's 
theorem. It is our belief that Frenkel and Zhu's universal enveloping algebra U (V) 
is an appropriate device in the study of some conjectured duality in vertex operator 
algebra theory. This is also our main motivation of this paper. 

The main results and the organization of this paper are described as follows: In 
Section 2 we review a certain completion of Z-graded associative algebras, define the 
notion of continuous module and define the topological algebra glj(W). In Section 
3, motivated by the notion of rationality (cf. [Z], [DLM2]) in vertex operator algebra 
theory, we prove that W is the only continuous irreducible N-graded module for 
glj(W) up to equivalence and that any continuous N-graded module is completely 
reducible. This shows that glj(W) resembles (finite-dimensional) matrix algebras. 
In Section 4 we prove Malikov's analogue of the Burnside theorem for an arbitrary 
Z-graded associative algebra. In Section 5 we give a certain duality as an analogue 
of the Brauer's theorem. In Section 6 we give an application in vertex operator 
algebra theory. 
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2. A certain completion of a Z-graded associative algebra 

Throughout this section, W — UneN W(n) is an N-graded vector space such 
that &\mW(n) < oo for n £ N, A = IJ„ eZ Ai represents a Z-graded associative 
algebra and B = ]J ngZ B n represents a Z-graded topological associative algebra. 

An element / of EndVF is said to be homogeneous of degree k if 

(2.1) fW(n) C W{n + k) for n G Z. 

Let gl j(W)k be the space of all homogeneous endomorphisms of W of degree k and 
set 

(2.2) gh(W) = l[glj(W) k . 

fcez 

Clearly, gl j(W) is an (associative) subalgebra of EndlF and it is a Z-graded unital 
algebra itself with respect to the grading given in ( |2.2| ) . 

For n G Z, let p n be the projection map of W onto W(n). Then / 6 gljiW) if 
and only if there is a nonnegative integer r such that 

(2.3) fW(n) C ® r ^ n _ r W{m) for n e Z, 
or equivalently, 

(2.4) PmfPn = if \m - n\ > r. 



In literatures (cf. [KP], [M]), (|2.4[) was commonly used to define glj(W). 
Since EndW = Yl meZ Hom(PT(m), W), we have 

(2.5) gh(W) n = Y[ Hom(W(m), W(m + n)). 

mez 

In view of this, we may (and we shall) consider glj(W) as a completion. For n € Z, 
we define 

(2.6) (End'W) n = ]J Hom(IF(m), VF(m + n)). 

mGZ 

Then set 

(2.7) End'W = ]J (End'W)„. 

nGZ 

That is, 

(2.8) End'W = H Eom(W(m),W(n)). 

m,n£Z 

In terms of the projection maps p m , we have 

(2.9) End'W = {/ G EndVF | fp m = for m sufficiently large}. 



Clearly, End'VF is a graded subalgebra with respect to the grading given in (2.7). 
But End'Vl^ does not have a unit. By using (2.9) it is not hard to see that End W 



is an ideal of glj{W). (Thus glj(W) is not a simple algebra.) 
We shall need the following simple fact from linear algebra. 
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Lemma 2.1. Let U\,U2 and U3 be finite- dimensional vector spaces with C/2 ^ 0. 
Then 

(2.10) Hom([/i, U 3 ) = Uom(U 2 , U 3 ) • Hom(C/ 1 , U 2 ) 

(= linear span{fg \ f G Hom([/ 2 , 5 S Hom([/i, ^2)}) ■ 

Proof. If either U\ — or U3 — 0, it is clear. Suppose U\ ^ and f/ 3 ^ 0. 
Let u\, . . . ,u r be a basis of U\ and i>i, . . . ,v s be a basis of U3. For any 1 < i < 
r i 1 5; i < s ; let fij be the linear homomorphism defined by fij(ut) — SaVj for 
1 < t < r. Let g G Hom(£/i, U2) be such that <?(ui) ^ and <?(u/c) = for k ^ i 
and let / G Hom(?/2, C/3) be such that f(g(ui)) = Vj. Then = /<?. From this 



(2.1C) follows immediately. □ 



Remark 2.2. Notice that p m G End'lU for to G Z and that 

Pm/Pn £ Hom(W»,W(m)) (c End'W) 

for m, n G Z, / G End'W 7 ! Then using Lemma one can easily show that and 
End'VU are the only ideals of End' IF. That is, End' IF is simple. 

In the following we review a certain formal completion of a Z-graded associative 
algebra (cf. [FZ], [KL], [M]). 

Let A — U„ eZ A n be a Z-graded associative algebra with or without a unit. 
For m, k G Z, we set 

(2.11) A mtk = J2 A (c 
Then 

(2.12) A m .fc_|_i G A m .fc, A n A m ^ G A m + n ^, A rn ±A n C ^Ln+n.fc— n 

for m,n 7 k G Z. Using A m jj. for fc G Z as basic open neighborhoods of G A m , 
we endow A m a topology with which A rn becomes a topological vector space. Let 
A m be the completion with respect to this topology and then set A = \J_ m ^A m . 
It follows from ( 2.1 2| ) that the multiplication of A is continuous so that A is a 



Z-graded topological algebra. 

We can explicitly define each A m by using Cauchy sequences as follows: An 
element / of Map(N, A m ) is said to be Cauchy if for any k G Z, there exists r > 
such that fi — fj G A m ^ whenever i, j > r. Then all Cauchy sequences form a vector 
subspace C(A m ) of Map(N, A m ). We define a relation "<~" on C(A m ) such that / ~ 
g if and only if for any k G Z, there exists r > such that fi — gi G A m ^ whenever 
i > r. Clearly, "~" is an equivalent relation. Then define A m — C(A m )/ ~ and 

(2.13) i=]Ji m . 

For / G C(A m ), g G C(A„), we define fg G Map(N, A m+n ) by (fg)i = for 
i G N. It follows from the identity 

fi9i - fj9j = (fi ~ fj)9i + fjidi ~ 9j) 
and the property ( |2.12| ) that /.g G C(A TO+n ). Similarly, if /, /' G C(A m ), g,g' G 



C(A n ) and / ~ f ,g ~ 3', using the identity 

fi9i-fl9i = (fi-fl)9i+fl(9i-9i) 



ON Z-GRADED ASSOCIATIVE ALGEBRAS AND THEIR N-GRADED MODULES 



5 



and ( [2 12| ) we have fg ~ f'g'. Then we obtain a well defined bilinear map from 



A rn x A n to A m+n . Using linearity we obtain a bilinear multiplication on A. Clearly, 
this makes A a Z-graded associative algebra with respect to the grading given in 

(H). 

Let 7r be the linear map from A to A such that 7r(a) is the constant map with 
value a for a e A m , m G Z. Then 7r is a grading-preserving algebra homomorphism. 
For a € A m , m G Z, 7r(a) = if and only if a £ r\kezA m ^- Therefore 

(2.14) ker7r= (n fceZ A mifc ) . 

I 1 Llmez (^fcez^m.fe) = 0, A is embedded into A as a subalgebra through it. In 
general, tt may not be injective. However, this is not too bad when we consider the 
so-called lower truncated Z-graded A-modules, which we define next. 

Definition 2.3. A lower truncated Z-graded A- module is an A- module M 
equipped with a grading M — ]J neZ M(n) such that for ra,neZ, 

(2.15) A rn M(n) c M(m + n), 

(2.16) M{n) = for n sufficiently small. 

Two such A-modules are said to be equivalent if there is a homogeneous A-module 
isomorphism (of some degree) from one to the other. The notion of N-graded A- 
module is defined in the obvious way. 

With this definition, by shifting the grading any nonzero lower truncated Z- 
graded A-module M is equivalent to an N-graded A-module M = U„> M(n) such 
that M(0) ± 0. 

Let M — IJneN^( n ) an N-graded A-module. Then for any m,n £ Z, 
A m ,kM(n) — for k sufficiently large, hence (<lkez,A m ,k)M (n) — 0. Consequently, 
(ker 7r)Af(n) = for each n, hence (ker7r)Af = 0. That is, any N-graded A-module 
is a natural A/(ker7r)-module. It follows that the category of N-graded A-modulcs 
is equivalent to the category of N-graded A/(ker7r)-modules. 

We naturally extend the action of A on an N-graded A-module M to an action 
of A as follows: let / S A, u 6 M. Since M is N-graded, A m ^u = for k sufficiently 
large, so that (fi+i — fi)(u) = for i sufficiently large. Then f r (u) = f r +i(u) — 
/ r +2(u) = ■ • ■ for some r > 0. Now we define 

(2.17) f(u) - f r (u) = lim fi(u). 

i — ^oo 

It is routine to check that M is an A-module with the defined action. Conversely, 
any lower truncated Z-graded A-module is a natural lower truncated Z-graded A- 
module through the algebra homomorphism it. 

We define the following notion of continuous module (cf. [MP]). 

Definition 2.4. Let B = U meZ B m be a Z-graded topological associative al- 
gebra. A lower truncated Z-graded £?-module M is said to be continuous if when 
endowed with the discrete topology M is a continuous B-module in the usual sense, 
i.e., the action map from B x M to M is continuous. 

Remark 2.5. With this notion, any lower truncated Z-graded A- module M 
is a continuous A-module where A is endowed with the topology defined before. 
Indeed, for any m\,rri2 € M, let a G A m be such that ami = rri2 and A m ^m\ = 
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for some k. Then (a + A m ,^)m\ = m 2- Using this one can easily show that M 
is a continuous module. Furthermore, a lower truncated Z-graded A-module, or 
a representation p is continuous if and only if p is the natural extension of the 
representation pn of A. However, the left regular module B may not be continuous 
under this definition. In fact, one can show that B is a continuous _B-module if and 
only if the topology on B as a topological algebra is discrete. 

Now we show that A = glj(W) with A = End'W. 

Proposition 2.6. Let W — ]J n>0 W(n) be an N-graded vector space with 
finite- dimensional homogeneous subspaces. Then glj(W) as a Z-graded associa- 
tive algebra is isomorphic to A where A = End'W . 

Proof. We first review a well known fact. Let U = U ne zU(n) be a Z- 
graded vector space. Endow U with a topology by using u + J2 n >k U (ri) for u <E 
U, k e Z as a base of open sets in U. U is a Hausdorff topological vector space 
because Cik£zU(k) = 0. It is well known that Jlnez * s tne completion of 

the topological vector space U defined above. In view of ( |2.5[ ), for each m G 
Z, glj(W) m is the completion of A m with the topology on A m defined by using 
lln>fc Hom(M^(n), W(m + n)) (k > 0) as basic open neighborhoods of 0. Now 
we show that this topology on A m is the same as the one defined by using A m ^ 
for k > as basic neighborhoods of 0. If W — 0, it is clear. Now we assume 
W = U„>o W(n) with W(0) ^ 0. By Lemma [H] we have 



Rom(W{n),W(m + n)) = Hom(W(0), W(m + n))Hom(W(n), W(0)) C A m+n A_„. 
On the other hand, 

A m+n A- n = ^Uom(W(r),W(m + n + r))Rom(W(s),W(s-n)) 

r,s 

C ^2Kom(W(s),W(m + s)) 



because W(s — n) — for s < n. Thus 

(2.18) A m>k = ]J Hbm(W(s), W(m + a)). 



s>k 



Therefore, gljiW) is the completion of A ■ 
Furthermore, an element J2 n a « °^ dh(W) r 
corresponds to the Cauchy sequence {a n } with a n = J2i 
graded associative algebra gl j{W) is the same as the Z-graded associative algebra 
A. □ 



End'(VF) with the given topology, 
with a n e Rom(W(n), W(m + n)) 
i. From this, the Z- 



Definition 2.7. We define glj{W) to be the topological algebra with the 
topology obtained by identifying glj(W) with A where A = End'TU. 

In view of this, a lower truncated Z-graded continuous glj (W)-module amounts 
to a lower truncated Z-graded End'T'F-module. Clearly, W is a continuous glj(W)- 
module. 

Define an element d of gl j(W)q by 



(2.19) 



d\w(n) = n ■ id W („) for n£Z. 
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Then 

(2.20) da~ad = na for a s glj(W) n , ngS. 

We have the following result. 

Proposition 2.8. The natural module W is a continuous irreducible glj(W)- 
module. 

Proof. With the element d of glj(W), it follows that any g/j(Vy)-submodule 
of W is automatically graded. Since for any k G N, ® n <kW (n) is an irreducible 
End(©„< fe M / (n))-module and 

End(©„< fc W») C End'iy C glj{W), 

it follows that is an irreducible N-graded glj (W)-module. □ 

3. Rationality of glj(W) 

As before, W will be an N-graded space with finite-dimensional homogeneous 
subspaces. Our goal of this section is to prove the following: 

Theorem 3.1. The natural module W is the unique continuous irreducible N- 
graded glj(W) -module up to equivalence and any continuous N-graded glj{W)- 
module is a direct sum of some copies of W . 

We shall prove this theorem as an application of a slightly more general result. 



The assertions of Theorem 3.1 are analogues of those for a (finite-dimensional) 
matrix algebra. Motivated by the notion of rationality of vertex operator algebras 
(cf. [Z], [DLM2]) we define the following notion: 

Definition 3.2. A Z-graded topological associative algebra B is said to be ra- 
tional if there are only finitely many irreducible N-graded continuous _B-modules up 
to equivalence and any N-graded continuous £?-module is a direct sum of irreducible 
graded modules with finite-dimensional homogeneous subspaces. 

Any (finite-dimensional) semisimple algebra A (over C) are rational where A = 
Aq. Thus the notion of rationality is a generalization of the classical notion of 



semisimplicity. Theorem 3.1 implies that glj(W) is rational. It is clear that the 
direct sum of (finitely many) rational algebras with the product topology are still 
rational. Then we immediately have: 

COROLLARY 3.3. Let W\, . . . , W r be N-graded vector spaces with homogeneous 
subspaces being finite-dimensional. Then glj{W\) © •■• © glj(W r ) is a rational 
Z-graded topological algebra. 



To prove Theorem 3.1 we shall use an analogue of Zhu's ^4(T^)-theory (cf. [Z], 
[DLM2-3]) from vertex operator algebra theory. 

Now we consider a Z-graded topological associative algebra B — II mgZ -Bm 
with unit. Recall that for k > 0, 

Bo,k — ^ B n B_ n (c -B ) • 



Clearly, each Bo.k is a two-sided ideal of Bq and so is the closure Bo.fc- Set 



(3.1) T k {B)=B /B^ k . 
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Then any B -module U with -B ,fc?7 = is a natural Tfc(B)-module and on the 
other hand, any Tk (-B)-module is a natural .Bo-modulc. If M = U n > M(n) is an 
N-graded continuous B-module, then M(n) is a natural Tk(B)- module for fc > n 
because B ,kM(n) = 0. 
Set 

(3.2) S< = [] B n , 

n<0 

a graded subalgebra of B. Let U be a T (-B)-module. We consider U as a B< - 
module with B n U = for n < 0. Form the induced B- module 

(3.3) M(U) = B ®b £0 U. 

Then M(U) is an N-graded B-module with M(U)(0) = U. Let J(U) be the sum of 
all graded submodule N of M(U) with 7V(0) = and set 

(3.4) L{U) = M{U)/J{U). 

Then L(U) is an N-gradcd B-module with L(U)(0) = U such that L(U) as a B- 
module is generated by U and that for any nonzero graded submodule TV of L(U), 
N(0) ^ 0. Consequently, if U is an irreducible T (_B)-module, L(U) is an irreducible 
N-graded -B-module. (Here we do not claim that L(U) is a continuous B-modulc.) 

Lemma 3.4. Let Wi — \J ne ^Wi(n) (i — 1,2) be N-graded irreducible contin- 
uous B-modules with W,(0) ^ 0. Then W\ = W 2 as a B -module if and only if 
Wi(0) = W 2 (0) as a T (B) -module. 

PROOF. We only need to prove that Wi W 2 if Wi(0) ^ W 2 (0) as a T (B)- 
module. By the universal property of induced modules, W\ and W 2 are natural 
quotient B-modules of M(Wi(0)) and M(W 2 (0)) by J(Wi(0)) and J(W 2 (0)), re- 
spectively. Since Wi(0) and W^(0) are equivalent £?<o-modules, M(W\(0)) and 
M(H^(0)) are equivalent N-graded -B-modules. Then it follows that W\ and W 2 
are equivalent -B-modules. □ 

The following is a sufficient condition for B to be rational: 

Proposition 3.5. Let B = JJ ngZ B n be a TL-graded topological associative al- 
gebra equipped with an element d of B such that 

(3.5) db-bd = nb for be B n , n e Z. 

Then B is rational if the following conditions are satisfied: 

(1) for every k > 0, Tk(B) is (finite- dimensional) semisimple; 

(2) for any two inequivalent irreducible T (B)-modules U\ and U 2 , d\ — d 2 £ Z, 
where d acts on Ui as a scalar rfj. 

(3) for any N-graded continuous B-module W = U„ eN W{n), (B_ n B n )W(0) ^ 
ifB n W(0) ^ for n > 1. 

PROOF. Let us assume (1), (2) and (3). 

Claim 1: Let M = YlneN^( n ) ^ e an y N-graded continuous -B-module such 
that M(0) is an irreducible -Bo-module and M = BM(0). Then M is an irreducible 
B-module. 

Since To(-B) is finite-dimensional and M(0) is an irreducible To(B)-modulc, 
M(0) is finite-dimensional. Then being a central element of Bq, d acts as a scalar 
A on M(0). From BM(0) = M, we get M(n) = B n M(0) for n > 0. Then 

du; = (A + n)w for w 6 M(n), n > 0. 
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(We call A the lowest weight of M.) Consequently, any submodule of M is graded. 
Let N = ® ne ^N(n) be any nonzero submodule of M, We shall prove that iV(0) = 
M(0), which implies that T = M because M = BM(0). Let k be a nonnegative 
integer such that N(k) ^ 0. Since B k M{0) = M(k) D N(k) / 0, by hypothesis (3) 
S_ fe B fe M(0) = M(0), hence 

(3.6) B k B_ k M{k) = B k B_ k B k M(0) = B k M{0) = M(k) ^ 0. 



Since M{k) is a completely reducible Bo-module, from (3.6) there is an irreducible 
T fc (P)-submodule S of M(k) such that B k B^ k S ^ 0. Then B_ fc S = M(0) because 
B- k S is a nonzero Po-submodulc of M(0) and M(0) is irreducible. Consequently, 
B k B- k S = B k M(0) = M(k). On the other hand, (B k B_ k )S C S. Thus M(fc) = 5 
is an irreducible T k (B)- module, hence N(k) = M(k). If k = 0, we have iV(0) = 
M(0). If fc >0, we have B_ k M(k) = B- k B k M (0) = M(0), so that 

iV(0) D B_ k N{k) = B_ k M(k) = M(0). 

Then iV(0) = M(0). Thus N = M. Therefore M is irreducible. 

Claim 2: any N-graded continuous B-module W = II„ gN W(n) is a direct sum 
of irreducible graded i?-modules. 

Let W° be the sum of all irreducible graded submodules of W. We must prove 
that W = W°. Since Tq(B) is semisimple, W(0) as a £>o-module is completely 
reducible. By Claim 1 the B-submodule generated by W(0) is completely reducible, 
so that W(0) C W°(0). Suppose that for some nonnegative integer k, W(n) — 
W°(n) for n < k. Write W(k + 1) = W°(k + 1) P, where P is a B -submodule 
of W(k + 1). Then 

£_„P C IT(fc + 1 - n) = W°(k + l-n) for n > 1, 

hence 

B n B_ n P c B n r(ife + 1 - n) C VF°(fc + 1) for n > 1. 

On the other hand, B n B- n P C B Q P = P. Thus B n B_ n P = for n > 1, hence 
BoflP = 0. Since W is continuous, Bo qP = 0, so that P is a To(£>)-module. Now 
we claim that P = 0. If P ^ 0, then let J7 be an irreducible (Tq(B)-) Po-submodule 
of P. Then d = X on U for some A e C. If P_„{7 = for all n > 1, by Claim 
1, U generates an irreducible graded P-submodule of W. By the definition of W°, 
U C W°. It is a contradiction. If B- n U ^ for some n > 1, then A'-A + neN, 
where A' is the lowest weight of some irreducible N-graded continuous P-module 
because 

P_„[/ C W(k -n) = W°(k - n) C W°. 

This contradicts Hypothesis (2). Thus P = 0, hence W{k + 1) = IT°(fc + 1). 
Therefore W = W° by induction. □ 

To apply Proposition [3.5| for B = glj{W) we need to calculate T k (B) for k > 0. 
Recall that for fc > 0, T fe (gZ./(W0) = 5^(W)o/^j(W)o,fe, where 

(3.7) ghWKk = II 9lj{W) m+n glj{W)- n (c slj(WOo) • 

n>/c 

Lemma 3.6. For k > 0, we have 

(3.8) T k (glj(W)) = Endl^(O) • • • © EndW(k). 
In particular, T k (glj{W)) is semisimple. 
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Proof. First, we have 
(3.9) glj(W) = [] EncW(n). 



n>0 



By Lemma 2.1, for neN, 



(3.10) 



EndW(n) = Hom(W(0), W (n))Hom(W (n) , W(0)) 
C (EndV)„(End'H^)_„. 



Let 7Tfc be the projection of glj(W)o onto ©Jj =0 EndW(ri). (This is an algebra 
homomorphism.) Now we calculate the kernel of ~Kk- By definition, Tik{f) = if 
and only /o = fx = ■ ■ ■ = fk = 0, which is equivalent to that / G Iln>fe EndW(n). 



Then it follows from (3.10) that ker7Tfc C glj{W)o,k- Clearly, glj(W)o, k C ker7rfc. 



Thus, kei'7Tj, = glj(W)o k- Therefore, TTk gives rise to an algebra isomorphism for 
(P). □ 



Proof of Theorem 



It follows from Lemmas 3.6 and 3.4 that W is the 



unique contin uous irreducible N-g raded gl j(W / )-module up to equivalence. In view 
of Proposition 3__5 and Lemma |3.6| it suffices to prove that glj(W)- n glj(W) n W(0) ^ 
if W(n) ^ 0. From Lemma BJj 

glj(W)^ n glj(W) n \ w{0) 

D Rom(W(n),W(0))H.om.(W(0),W(n))\ w(0) = EndVK(O) ^ 0. 
Then Proposition |3~5| applies. 



4. The analogue of the Burnside theorem 

Throughout this section, A will be a Z-graded associative algebra and p will be 
an irreducible N-graded representation of A on W = ® n >oW(n) where W(Q) ^ 
and all W(n) are finite-dimensional. 

Here we do not assume that A has a unit. By an irreducible A-module M we 
mean that and M are the only submodules and AM ^ 0. 

Lemma 4.1. We have: (a) W(n) is an irreducible Ao-module ifW(n) ^ 0; (b) 
W{r) and W(s) are inequivalent Ao-modules if r ^ s,W(r) ^ and W(s) =/= 0. 

Proof. Set 

(4.1) ann w (A) = {w G W\Aw = 0}. 

Then annw(A) is an A-submodule of W. Since AW 0, ann w (A) ^ Vy. By 
the irreducibility of W, we have annw(A) — 0, hence Aw / for ^ w G VF. 
By the irreducibility of W again, we have Aw = for any w G VT. Thus 
A m w = VK(m + n) for any mGZifO^wG W(n). Consequently, W(n) is an 
irreducible Ao-module and A m W(n) — W(m + n) for any m G Z if VK(n) 7^ 0. If 
VF(r) ^ 0, 14^(s) ^ for some r > s, then 

(A r A_ r )W(r) = A r W(0) = W(r) ± 0, (A r A^ r )W{s) = A r (A- r W(s)) = 0. 



Therefore, W(r) and VF(s) are inequivalent Ag-modules. 



□ 
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Remark 4.2. Here we mention that the standard Burnside theorem still holds 
for algebras without a unit. Let A be an algebra without a unit and p be a finite- 
dimensional irreducible representation of A on U. First, extend A to be an algebra 
A = A © CI with a unit (cf. [Jl]). Then U is an irreducible ^4-module. By the 
standard Burnside theorem, p(A) + CI = p(A) = EndC/. This implies that p(A) 
is an ideal of EndZJ. Since EndU is simple and p(A) ^ 0, we have p(A) = EndU. 
Furthermore, the following Chinese Remainder theorem also holds: if U — C/iffi- ■ ■© 
U r is a faithful A-module where Ui are inequivalent finite-dimensional irreducible 
A-modules, then A = Endt/i © • • • © EndJ7 r . 

Since each W(n) is an A -module, the decomposition W = Un>o W(n) gives 
rise to an algebra homomorphism pk from A$ to EndVF(fc) for each k > 0. For 
k > 0, set 

(4.2) W {k) = @ k n=0 W{n) 

and p^ = po + ■ ■ ■ + Pk j an algebra homomorphism from Aq to EndLT"^* 1 . 
Lemma 4.3. For k > 0, we have 

(4.3) P [k) {A Q ) = EndW(O) © ■ • ■ © EndW(fc), 

(4.4) pW(A fe A_ fe )=EndW(fe). 



Proof. (4.3) directly follows from Lemma 11 and Remark 4.2 . Since A k A_ 



-k 



is an ideal of y4 , it follows from (4.3) that p^ k > [A k A- k ) is an ideal of ®^ =0 EndW(j) 



Since AfcA_ fc W(n) = for n < k, pW{A k A- k ) is an ideal of EndVF(fc). If W(k) = 
0, there is nothing to prove. Suppose W(k) ^ 0. Since A k A^ k W(k) = A(k)W(0) = 
W{k) ^ 0, pW(A fe A_ fe ) y£ 0, hence p<» (A k A- k ) = EndVF(fc) because EndW(k) is 
simple. □ 

We have the following analogue of the Burnside theorem (cf . [M] ) : 

Theorem 4.4. Let A — U meZ A m be a Z-graded associative algebra and let W 
be an irreducible N-graded A-module with W(0) ^ and with W(n) being finite- 
dimensional for each n. Then p(A) = glj(W). 

Proof. Let t/> G glj(W) n . As usual, we shall use a for p(a). Recall that 
glj(W) n = rifc>o Hom(VF(fc), W(n + k)). Let ij) k be the projection of ip in the 
subspacc Hom(W(k), W(n + k)) for k E N. Now we are going to find a sequence of 
elements do, <zi, • • ■ of A such that 

(4.5) a r G A n+r A- r: 

(4.6) Vo H ht/v = (a<H r-a r )|wW 

for r > 0. Then we will have ao + a\ + • • • G A and 

(4.7) V = /5(ao + ai + ••■)■ 

Fact: for any (f> G Hom(VF(0), VF(m)) (m > 0), there exists a(<fi) G A m A Q such 
that a(0)|w( O ) = 4>- 



A-fji , ^ ^4. ^ such thcit 

(4-8) lk( ro) =X) 6 mcS?k(m)- 



Since p^ (A m A- m ) = EndW(m) (by Lemma 4.3), there are elements bm € 
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There exist d, S ^4o such that Cm = ^i|w(o) because c™ G EndW(O) = po(A)) 
(by Lemma O). Now set 

(4.9) a(cj>) = J2b%d i €A rn A . 

i 

Then a(0)| W ( O ) = J2i ^mCm<t> = 4>- 

If n > 0, by taking m = n, <f> — ipo, then setting ao = a(0) G A„v4o, we have 

ao|w(o) = V'o- 

If n < 0, we have W(n) = VF(n + 1) = • • • = W(-l) = 0, hence Vo = • • • = 
^/)_ n _i = 0. In this case, we simply take ao = • • • = a_ n _i = 0. 



Suppose that we have already found ao, • • • ,a k such that fl4.5| ) and ( |4.6| ) hold 
for < r < k. Since 

(V'fc+i-ao a k )bf +l \ w{0) & B.om{W{Q),W{n + k + l)), 

by the previous fact, there are ej G A n+ fc + iAo such that 

(V'fc+i - «o a/c)frfcjilw/(o) = e i|w(o)- 

Set 

(4.10) a fe+ i = ej4+i e Aj+frfi^ife-i' 

i 

Then 

afe+i|w(fc+i) = y^ e i4+ilw(fc+i) 

i 

= y~l e » Ivy (o)4+i \w(k+i) 

i 

= ^2(i>k+i - &o afe)4+i c l+ilw(fc+i) 

i 

(4.11) = ipk+i-(a -\ \-ak)\w(k+i)- 

That is, 

(4.12) ipk+i — ( a o H l-Ofc+o*+i)lw(A+i)- 

Since A_ fe _i^( fc ) = 0, Ofc+iW^ = (by §T0|)). Thus 

-00 H \~ipk+ 4>k+i = (ao H h a fc + a fe+ i)| w(fc+ i) . 

In this way we obtain a sequence of elements oo, ai, . . . with the desired properties. 
This completes the proof. □ 

For any A-module W, set 

(4.13) ann A {W) = {a G A \ aW = 0}. 



The following is an immediate consequence of Theorem 4.4 and the Chinese Re- 
mainder Theorem: 

Corollary 4.5. LetW = Wi®- ■ -®W r be a (semisimple) N- graded A-module 
with p being the representation homomorphism from A to glj(W), where Wi are 
inequivalent irreducible A-modules. Then p gives rise to an algebra homomorphism 
p from A onto Yii=i 9h(Wi) where 

(4.14) kerp = C\ r i=1 ann A (Wi). 
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Remark 4.6. The assertion of Theorem 4.4 is different from saying that p(A) 
is a dense subspace of glj(W). The last statement can be proved by using the 
classical density theorem as follows: for any / G glj(W) n , by the classical density 
theorem [J2], for each k > 0, there exists an G A such that f\ww — a fc| w< fc ) ■ 
Since (/ — a r )\ W (k) = for r > k, we have 

(f-a r )\ w we ]J Uom(W(m),W(m + n)) 

m>k+l 

C JJ Rom(W{0),W(m + n))Rom(W(m),W(0)) 

m>k+l 



C (End'WO ro+n (End'W0- 

m>fc+l 



Thus lirm s _ (00 p(a fc ) = /. 

The following is analogous to an exercise in finite-dimensional algebra the- 
ory [J2] with which EndJJ can be alternatively proved to be simple (for a finite- 
dimensional U). 

Corollary 4.7. Let I be a nonzero ideal of glj(W) and let p be the represen- 
tation map of I on W. Then p(I) — glj(W). 



PROOF. If / acts irreducibly on W, by Theorem 4.4 p(I) = glj(W). Now it 
suffices to prove that W is an irreducible /-module. 

Since / is a (left) ideal, for every w € W, I ■ w is a gl j(M / )-submodule of W, 
hence I ■ w = W if / • w ^ 0. Now it suffices to prove that / • w ^ for every 
nonzero w 6 W . Since / is a (right) ideal, annw(I) is a (^(W^-submodule of W, 
hence annw{I) — or W. We must have ann\y(I) — because W is faithful and 
1^0. Thus 7-w^Oifw^O. □ 



5. The analogue of the Brauer theorem 

Throughout this section W = UneN W(n) will be an N-graded vector space 
such that W(0) ^ and all W(n) are finite-dimensional, and A will be a graded 
subalgebra containing 1 of glj(W) such that W is a semisimple A-module. From 
the assumption, Schur's Lemma holds for each of the irreducible A-submodules of 
W. Set 

(5.1) C{A) = {b G glj(W) \ab = ba for a G A}. 

Then C(A) is a graded subalgebra of glj(W). 

Let J7j (i G /) be a complete set of representatives of equivalence classes of 
irreducible A-submodules of W. Then we have a canonical decomposition 

(5.2) W = JJWi, 

where Wi is the sum of all graded A-submodules of W which are equivalent to Ui 
for i G I. Furthermore, each Wi can be canonically decomposed as 

(5.3) W i = U i ®V i , 

where Vi = Hom^(t/i, W) for i G I. (Schur's Lemma was used here.) The following 
proposition is a simple analogue of the classical duality result (cf. [DLM1], [H]). 
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Proposition 5.1. The spaces V\ (= Hoiru(C/ l; W)) (i £ /) are inequivalent 
irreducible graded C (A) -modules, so that W is a semisimple C (A) -module. 

PROOF. (1) For any fixed i £ I, let /,j 6 Hom A (U t , W) be any two linearly 
independent homogeneous elements of degrees r and s, respectively. We decompose 
W as 

W = Ui © Cf © Ui ® Cg © T, 
where T is an Asubmodulc of W. Define b £ EndW by 

(5.4) b(u<S>f + v(g)g + t)=u(g)g + v<E)f + t 

for u,v e Ui,t e T . It follows directly that ab = ba for all a £ A From we 
have p m bp 7 i = Q if |m — n| > |r — s|. Thus 6 £ gZj(VF), hence 6 £ C(^4). Clearly, 
bf = g. Therefore Hom^iTi, W) is an irreducible graded C(A)-module. 
(2) For iyt j el, let 

W=Ui®Uj® S, 
where S is an A-submodule of W. Define a £ EndVF by 

(5.5) ei\u 4 = 1, e»|i7j = 0, ei|s = 0. 

Then e, £ g'Zj-(W) and £ C(A). Since e,f/, = Ui and e^C/j = 0, Ui and ?7j are 
inequivalent C(v4)-modules. □ 

We shall continue studying C(A). 

Proposition 5.2. Let A be a graded subalgebra containing 1 of glj(W) such 
that W is a semisimple A-module. Then 

(5.6) C(A) = ]J(C®glj(V i )), 

i£l 

(5.7) C(C(A))=]l(glj(U i )®C)=p(A). 

iei 

Proof. Clearly, 

(5.8) C(A) D]lC®glj(Vi). 

iei 

Conversely, let b £ C(A). Then bWi £ Wi for i £ I, that is, 

b{Ui © VJ) £ ((7, © K). 

For each fixed i, let Uj (j £ J) be a basis for Vi and let v be any nonzero vector in 
Vi. Define linear endomorphisms ipj of Ui by 

(5.9) b(u © u) = («) ® 

for u e Ui. Since & £ C(A), each ^ is an A-endomorphism. By Schur's Lemma we 
have ipj = a j £ C for j £ J. Thus 6(u © u) = u © (X^eJ a i w j) G u © Therefore 

(5.10) b(u®v) eu®Vi 

for all u e Ui, v e Vi. It follows that b £ ]J ieI C © glj{Vi). This proves (|5~^). 

Since Vi (i £ I) are irreducible graded C(A)-modules (by Proposition 5.1), 
using (5.5) we have 



(5.11) C{C{A))=]±glj(U i ) 
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Then it follows from Theorem O that C(C{A)) = p(A). □ 



By Corollary ©i £ /(C ® gl j(Vj )) is a rational graded associative algebra if 



I is finite. In view of Proposition 5.2, C(A) with a certain topology is a rational 
graded associative algebra. Next we shall prove that ©iej(C (g> gljiVi)) is a topo- 
logical subspace of glj(W), so that C(A) with the induced topology from glj(W) 
is rational. 

Let U' — U„ eZ U'(n) be a graded subspace of a Z-graded vector space U. In 
Section 2, we have defined a Hausdorff topology on U. Then we have two topologies 
on U', which are the induced topology from U and the topology defined by using 
its own homogeneous subspaces. These two topologies on U' are in fact the same 
because for u € U, k £ Z, 



U'n [u + Y^ U{n) J = IV \u' + ^ ^'0 



where u' runs through the set on the left hand side. 

Lemma 5.3. Suppose that W — W\ © • • • © W r , w/iere W\, . . . , W r are graded 
subspaces ofW. With this decomposition we identify each glj(Wi) as a subspace of 
glj{W). Then the topological space glj{Wi) is a topological subspace of glj(W). 

PROOF. View End'Wi as a graded subspace of End'W^. Then from the discus- 
sion right before this lemma End'Wi is a topological subspace of End'W^. Since 
gl.r{Wi) and glj(W) are the completions of End'Wj and End'VF, respectively, 
glj{Wi) is a topological subspace of glj(W). □ 

Now we have: 

Corollary 5.4. If I is finite, the commutant algebra C(A) with the induced 
topology is rational and Hom^C/i, W) for i E I exhaust all inequivalent irreducible 
N-graded continuous C (A) -modules. 

Proof. In view of Corollary |3.3| , we need to prove that H^ e j(C(H) glj(Vi)) is a 
topological subspace of gl j(W). Since C ® gljiVi) is the completion of C ® End'T^ 



and End'(?7i (8) Vi) is a topological subspace of glj(W) (by Lemma 5.3), it suffices 
to prove that C <X) End'Vi is a topological subspace of End (Z7i ® Vi). This is true 
because for meZ, 

(C © End'^Om = ©„ (C ® Kom(Vi[n), V l {m + n))) 

with respect to this very grading is a graded subspace of 

(End'W) m = ©„Hom(W(n), W(m + n)) 

Then the proof is complete. □ 

Let I — ann^p. Then A is a subalgebra of A/I. We cannot prove that A is 
rational with the induced topology if / is finite, however, the extension A/ 1 of A 
is rational. 
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6. An application to vertex operator algebras 

Throughout this section, V will be a vertex operator algebra. We shall use 
standard definitions and notations as defined in [FLM] and [FHL]. 

In [FZ], Frenkel and Zhu associated a Z-graded topological algebra U(V) to V 
such that the category of F-modules and the category of continuous [/(V)-modules 
of a certain type are equivalent. Now we recall the definition of U(V). Let A be the 
free associative algebra with unit on the vector space V = V®C[t, t -1 ]. By assigning 
a degree wtv — n — 1 to each element v ®t n for homogeneous v G V, n G Z, A 
becomes a Z-graded algebra. Since the Jacobi identity ([B], [FLM], [FHL]) involves 
infinite sums, it is necessary to complete A before to enforce the Jacobi identity 
relation. Let A be the completion defined in Section 2. Let Jac be the two-sided 
ideal of A generated by the following relations: 

(6.1) l(n) = J n ,_i, 

(6.2) (L{-l)u)(n) = -nu[n - 1), 

(6.3) ^ ( \ ](-l)Mm+l-jKn + i)-^f \ ) {-l) l+l v{n + I - i)u(m + i) 

i>0 ^ ' i>0 



in 



i>0 



(ui +i v)(m + n — i) 



for u,v G V, l,m, n G Z, where v(ri) = v<E)t n . Set U(V) = A/ Jac. This is 
the Frenkel and Zhu's universal enveloping algebra associated to V. Then any V- 
module is a natural continuous U ( V)-module where u(m) is represented by u m for 
u eV, m G Z. 



As a corollary of Theorem 4.4 we have: 



Theorem 6.1. Let V be a vertex operator algebra and let W be an irreducible 
V -module. Let p be the algebra homomorphism from U(V) to glj(W). Then 
p(U(V))=glj(W). 

Proof. Since W is an irreducible V^-module, W is an irreducible A-module. 



By Theorem |4.4|, p(A) = glj(W). Since W is a ^-module, Jac ■ W = 0. Thus 

p{U{V)) = p{A)=glj{W). 
This completes the proof. □ 



Theorem 5.1 and Chinese Remainder Theorem immediately imply: 



COROLLARY 6.2. Let W = W\®- ■ -®W r , where Wi are inequivalent irreducible 
V -modules. Then 

(6.4) U(V)/I - glj{Wx) © ■ • ■ © glj(W r ), 
where L = r\\ =1 annxj(y^Wi. 

Recall from [Z] (cf. [DLM2]) that V is said to be rational if any continuous N- 
graded [/(F)-module is completely reducible. We end this paper with the following: 

Conjecture 6.3. Let V be a rational vertex operator algebra. Then 

(6.5) U(V) = glj{Wi) © • • ■ © gh(W r ), 

where Wi, . . . ,W r form a complete set of representatives of equivalent classes of 
irreducible V -modules. 
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